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A series of strong anomalies in the thermoelectric power is observed in the heavy fermion compound YbRh2Si2 under
the effect of magnetic field varying in the range from 9.5 T to 13 T. We identify these features with a sequence of topo-
logical transformations of the sophisticated Fermi surface of this compound, namely a cascade of Lifshitz topological
transitions. In order to undoubtedly attribute these anomalies to the specific topological changes of the Fermi surface,
we employ the renormalized band method. Basing on its results we suggest a simplified model consisting of the large
peripheral Fermi surface sheet and the number of continuously appearing (disappearing) small ”voids” or ”necks”. We
account for the multiple electron scattering processes between various components of the Fermi surface, calculate the
corresponding scattering times, and, finally, find the magnetic field dependence of the Seebeck coefficient. The obtained
analytical expression reproduces reasonably the observed positions of the maxima and minima as well as the overall line
shapes and allows us to identify the character of corresponding topological transformations.
1. Introduction
The topology of Fermi surface (FS) is a fundamental prop-
erty of metals and it is controlled by the periodicity and sym-
metry of the crystalline lattice and by occupation of the elec-
tronic energy bands. Under the influence of external effects
such as chemical doping, pressure, or magnetic field (H), the
Fermi energy or the band structure may change and a FS in-
stability can be induced. If the number of components of the
FS changes under such impact, this alteration of the metal
properties is called a Lifshitz transition.1–3) Lifshitz transi-
tions, known since the 1960, are continuous quantum phase
transitions at zero temperature. Following the Ehrenfest ter-
minology,4) they are referred to in the literature as 2 1
2
order
phase transitions. At temperatures different from zero and/or
in presence of impurities, such a FS reconstruction is often
attributed to an electronic topological transition (ETT). Lif-
shitz transitions are associated with critical points in the en-
ergy bands, i. e., maxima, minima, and saddle points, whose
presence follows directly from lattice periodicity.
First experimental studies of Lifshitz transitions have been
performed on thalium and its alloys under pressure,5) and
in metallic alloys such as Bi1−xSbx,6) or Mo1−xRex7) under
the anisotropic deformation. The changes in the FS topology
in these experiments were registrated directly either by the
Shubnikov-de Haas effect or by the de Haas-van Alfen ef-
fect. The breakthrough in experimental studies of ETT was
achieved by Egorov and Fedorov8) performing the chemical
substitution in the alloy Li1−xMgx. They discovered that its
thermoelectric power exhibits a large peak at x = 0.19. The
band structure calculations associated this point to the Lifshitz
transition of the compound. Such result was foreseen theoret-
ically9) basing on simple differentiation of the kink in density
of states in the vicinity of ETT in the Mott’s formula for the
Seebeck coefficient. It has been recognized later that the situ-
ation is more complicated and the giant thermoelectric power
peak close to ETT is due to the scatterings of the charge car-
riers from the whole peripheric area of the FS to its newborn
part.10)
Over the time it has been discovered that Lifshitz transi-
tions appear in different classes of strongly correlated elec-
tron systems such as cuprate high-temperature superconduc-
tors,11, 12) iron-based superconductors,13, 14) etc. More recently
the Fermi-surface instabilities have regained interest with the
discovery of materials where the new exotic topological or-
ders are expected.15, 16) It is worth to emphasize that the Lif-
shitz transitions are mainly induced by chemical doping in
all mentioned above systems. Contrary, in extensively stud-
ied heavy-fermion systems the Lifshitz transitions are driven
by a magnetic field.17–28) In these compounds, flat quasipar-
ticle bands with the widths often comparable to the Zeeman
splitting of the energy bands (geff/2)µBH for field of order
10 T cross the Fermi level.29, 30) As a consequence, the Zee-
man splitting can be strong enough to suppress the spin-split
FS pockets leading to Lifshitz transitions.17, 20–23) This sce-
nario can explain the pseudo-metamagnetic transition in the
paramagnetic CeRu2Si2 at Hm ≈ 7.8 T.17)
In the present paper we will concentrate on the field in-
duced Lifshitz transitions in YbRh2Si2 . The latter is a well
studied heavy fermion compound which orders antiferromag-
netically at TN = 70 mK. Thermodynamic measurements
in applied magnetic field clearly show the existence of the
two different energy scales. Firstly, the antiferromagnetic or-
der can be suppressed by applying the magnetic field of
Hc = 0.06 T in the basal plane of the tetragonal crystal and
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Hc = 0.6 T for H ‖ c. This field-induced quantum critical-
ity has been intensively studied (see e.g. Ref. 31 for a re-
view). Recently it has been observed that YbRh2Si2 gets su-
perconducting at the milli-Kelvin temperatures when the nu-
clear magnetic order.32) The experiments on YbRh2Si2 have
played a key role in understanding of unconventional quan-
tum criticality.33) Drastic changes in the Hall coefficient34)
and some thermodynamic properties35) in the paramagnetic
regime are observed at a crossoverline T⋆(H). T⋆ extrapo-
lates to the critical field Hc at zero temperature. This jump
in the Hall constant is discussed as a discontinuous change
of the Fermi volume and as indication of a so-called Kondo-
breakdown quantum critical point.33) This scenario is based
on the disintegration of the Kondo singlet at the critical field
due to the antiferromagnetic order. However, experimentally
these fluctuations between a small FS (in the antiferromag-
netic state) and the large FS could not be observed by any
direct measurement of the FS. Angular resolved photoemis-
sion spectroscopy, performed at temperatures above 1.5 K are
in agreement with the so-called large FS,36, 37) what may be
too high to identify the FS at T = 0.38)An alternative ex-
planation for the anomalies along the T⋆(H)-line has been
suggested by Abrahams, Schmalian and Wlfle in a series of
papers.39–41) The central assumption of this “critical quasipar-
ticle” scenario is that the quasiparticles remain robust but are
modified by scattering from critical spin fluctuations. An im-
portant consequence is that the volume of the Fermi surface,
i. e., the number of itinerant fermions, does not change across
T⋆(H). The results of this theory are in good agreement with
experimental data.42, 43)
A second characteristic field appears at H0 ≈ 10 T applied
in the ab plane. Here the magnetization M(H) shows a strong
decrease of the slope,44) with no saturation up to 35 T. There
is no indication of a metamagnetic transition or any field in-
duced magnetic phases around H0. This change in the mag-
netization is accompanied by a strong decrease of the Som-
merfeld coefficient of the specific heat, the coefficient in front
of T 2 in the electrical resistivity temperature dependence, and
the linear magnetostriction coefficient,44, 45) All these facts in-
dicate on a strong decrease of the density of states. Quan-
tum oscillations experiments indicated that the observed os-
cillation frequencies have a strong field dependence through
the field of 10 T, and these changes have been discussed as
indication for a Lifshitz transition near H0. Thermoelectric
power experiments22, 23) and also magnetotransport21) showed
a complex phase diagram with several anomalies which has
been interpreted as Lifshitz transitions. In Fig. 1(a) we show
the magnetoresistance and its derivative dρ/dH at T = 30 mK
up to 13 T showing clearly these anomalies which allows to
determine the phase diagram [see Fig. 1(b)]. The interpre-
tation of successive Lifshitz transitions has been supported
by renormalized band structure calculations. These calcula-
tions show that the Lifshitz transitions are the result of the
field evolution of the spin-split density of states.21, 22) At zero
field, the density of states shows one pronounced and several
weaker van Hove singularities slightly below the Fermi en-
ergy EF .
21) There are also van Hove singularities in the empty
part above EF but they appear at higher energies. Under mag-
netic field the energy bands split in majority andminority sub-
bands. While the majority spin subband shifts to lower ener-
gies, the Fermi level does not cross a van Hove singularity
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Fig. 1. (Colore online) (a) Magnetoresistance of YbRh2Si2 at 30 mK (see
Ref. 23) and its derivative over temperature. (b) Magnetic field temperature
phase diagram from the magnetoresistance at different temperatures. H0 cor-
responds to the field where the main Lifshitz transition occurs, i.e. the field
where the van Hove singularity of the minority spin density of state crosses
the Fermi level. Above H0, successive topological changes (H1, H2, H3)
occur on both minority FSs. (c) Field evolution of the minority FS pock-
ets: doughnut FS in the electron representation (upper row), jungle-gym FS
(lower row) taken from Ref. 22.
for the magnetic fields under consideration. The smooth evo-
lution with magnetic field of the majority Fermi surface is in
marked contrast to the behavior of its minority counterpart. As
the minority spin subbands are shifted to higher energies the
Fermi level crosses the above mentioned van Hove singular-
ities. Three topological transitions have been identified, and
most importantly near H0 ≈9.5 T the van Hove singularity of
minority spin density of state crosses the Fermi level giving
rise to a strong reduction of the density of states. The field
evolution of the minority FS pockets is shown in Fig. 1(c).
The upper row shows the field evolution of the minority spin
band corresponding to the doughnut in the limit of vanish-
ing field.21) The main Lifshitz transition corresponds in this
presentation to the connection at the hole at the f and s point
at the Brillouin zone at H0. The lower row shows the field
evolution of the minority spin band corresponding to the jun-
gle gym in the limit of vanishing field (taken from Ref. 22).
The cascade of topological changes, discussed in Refs. 22,23,
comes from the collapse of the corrugated cylinder above H0,
between 10 T and 12 T.
2
J. Phys. Soc. Jpn. FULL PAPERS
In the following, we will concentrate on the cascade of
Lifshitz transitions above H0 in YbRh2Si2 to get the precise
shape of the different anomalies. Renormalized band (RB)
structure calculations46, 47) describing in details the effect of
a magnetic field on the quasiparticle bands serve to identify
”regular” regions in k-space where the FSs evolve continu-
ously with magnetic field and ”critical” regions surrounding
the critical points where Lifshitz transitionsmay occur. A new
approach to calculate of the Seebeck coefficient near the criti-
cal regions taking into account interference phenomena in the
scattering process is presented. We will discuss in detail, how
the pillow FS of the minority jungle-gym (Fig 1(c) lower row)
will vanish by three distinct topological transitions. We find
that the calculated magnetic field dependence of the Seebeck
coefficient turns to be in good agreement to the experimental
findings, allowing a real transport spectroscopy of FS topo-
logical transitions.
2. Thermoelectric power measurements
We remeasured the thermoelectric power on the same
wisker-like single crystal of YbRh2Si2 as previously in nar-
rower steps.23) Themagnetic field is applied along [110] of the
tetragonal crystal and heat or charge current perpendicular to
the field along [11¯0], which corresponds to the long axis of
the crystal. The thermoelectric power has been measured by a
one heater, two thermometers set-up in a dilution refrigerator
down to 110 mK and up to 16 T. Thermometers and heater are
thermally decoupled from the sample holders by highly resis-
tive manganin wires. Figure 2 shows the field dependence of
the Seebeck coefficient at 110 mK for both experiments.
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Fig. 2. (Color online) The magnetic field dependence of the Seebeck coef-
ficient between 8 T and 14 T in the heavy-fermion compound YbRh2Si2 at
110 mK obtained from two different cooling on the same sample. The critical
fields H1 = 10.5 T, H2 = 11.1 T, and H3 = 12.2 T correspond to the position
of the series of minima.
3. Analysis of the thermoelectric power
3.1 Cascade of Lifshitz transition and quasiparticle scatter-
ing
To take into account the specificity of a cascade of Lifshitz
transitions on quasiparticle scattering, we firstly assume that
all topological changes of the FS are due to the formation of
Fig. 3. (Color online) Schematic representation of the various quasiparticle
scattering processes between the pockets with the energy sizes Zi. τi, j corre-
spond to the processes from pocket i to pocket j (τ0, j refers to the process
from the main Fermi surface Z0) through impurities (crosses).
new spherical pockets (see Fig. 3). Here the index i = 0 de-
notes to regular part of the FS hereafter referred to as main-
land while the critical parts are labelled by i = 1, ...N. The
quasiparticle excitation spectrum for each of them can be pre-
sented as:
ξi(p) =
(p − pci)2
2mi
− Zi, i = 0, . . .N, (1)
where pci is the position of its center in the Brillouin zone,
Zi = µ − ǫci is its energetic size, ǫci (Hi) = µ is the critical
point of multi-valued function of energy when the i-th voids
appears, mi is the corresponding effective mass. In Ref.
10, 48 was demonstrated, that the anomaly in the Seebeck
coefficient in the vicinity of Lifshitz transition is directly
related to the specific quasiparticle scattering starting from
the bulk component of the mainland FS (the energy size is
Z0) and ending at the small pocket of the FS (characterized
by the energy size Zi). It was shown that the latter is a trap
for quasiparticles, their velocity here is small and they die
away. The next scattering with the dominating probability
returns the quasiparticle back to the mainland FS. Such
forth and back scattering give rise to the singularity of the
Seebeck coefficient. At the first glance generalization of
the described scattering mechanism to the case of multiple
Lifshitz transitions seems to be trivial: it is just necessary
to account for the round trips of the quasiparticles from
the mainland FS to all other pockets (Z1, Z2, Z3 . . .), see τ0, j
processes in Fig. 3. Yet, as will be shown below, this is not
enough. An important role is also played by the “traveling”
of the quasiparticles between the newborn FS elements, τ1, j
and τ2, j processes in Fig. 3. The expression for the scattering
time for the quasiparticles belonging to the “l”-th pocket
accounting for the return to the same pocket and round trips
to the smaller ones with i > l (see Fig. 1), in full analogy with
the results of Ref. 10, 48, is given by:
τ−1l (ω, Zl, ..ZN) =
N∑
i=l
τ−1l,i (ω, Zl), (2)
where
τ−1l,i (ω, Zl) =
κl (−Zi − ω)
2τ˜l
√
Zl
. (3)
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Here the function
κl(ε) =
√
2
√
(ε2 + ξZl)1/2 − ε, (4)
the parameter τ˜−1
l
= π−1nimp|U |2m3/2(2Zl)1/2 = 2
√
ξZl, ξ =
n2
imp
U4m3/(2π), ω is the energy, nimp is the impurities con-
centration, and U is the amplitude of the scattering potential,
which we assume independent of momentum. For the sake of
simplicity we assume the effective masses for electrons in all
voids to be equal, mi = m.
Fig. 4. (Color online) Evolution with magnetic field of the critical part of
the minority jungle gym sheet above H0. There is a series of Lifshitz transi-
tions which is seen in the evolution of the FS. At H1, apertures opening in
the cylinders, followed at H2 by a neck breaking of the cylinders and finally
at H3 the remaining ellipsoids collapse.
3.2 Renormalized band calculation of the Fermi surface
In order to model the specific case of a cascade of Lifshitz
transitions in YbRh2Si2, we need to know precisely the evo-
lution of the FS with magnetic field. The cascade of Lifshitz
transitions give rise to series of anomalies in the Seebeck co-
efficient above H0 = 9.5, see Fig. 2.
23) The corresponding
behaviour of the resistivity is shown in Fig. 1. One can see
that the variation of resistivity in the whole range of consid-
ered magnetic fields is minut and the position of anomalies
can be determined either from its derivative or, better, from
the measured Seebeck signal. We will concentrate our study
on the main anomalies: the sharp minima at H1 = 10.5 T
and H2 = 11.1 T, and H3 = 12.2 T. When the temper-
ature increases, the different anomalies broaden and merge
together into one large transition at H0. In order to relate
the different anomalies observed in the Seebeck coefficient to
the topological changes occurring in the FS, the RB scheme,
which combines material-specific ab-initio methods and phe-
nomenological considerations in the spirit of the Landau the-
ory of Fermi liquids has been used.49) The band-structures
were obtained by the fully relativistic formulation of the lin-
ear muffin-tin orbitals (LMTO) method.47, 50, 51) The progres-
sive de-renormalization of the quasiparticles with increasing
magnetic field and the correlation-enhanced Zeeman splitting
were calculated from the Renormalization Perturbation The-
ory (RPT).52, 53)
For H = 0, there are three bands intersecting the Fermi
energy, EF . In the following discussion, we shall neglect the
small Γ-centered electron pocket and focus on the two bands
(35 and 37) giving rise to the two major sheets. Under mag-
netic field, these two bands will give rise to spin splitted FS
pocket, only minority spin bands become critical under mag-
netic field as shown on Fig.1. The shape of the FS agrees
with ARPES measurements37) and the overall topology qual-
itatively agrees with local density approximation (LDA) re-
sults.45, 54–57) The dominant contribution to the quasiparticle
density of states comes from the Z-centered peripherical FS
which has predominantly f -character while the states form-
ing the “jungle gym” are strongly hybridized.
Yb heavy-fermion systems can be considered as hole ana-
logues of Ce counterparts. As a consequence, the center of
gravity of the heavy quasiparticle bands is below the Fermi
energy and the Zeeman splitting of the FSs will strongly af-
fect the minority spin FS.22, 46, 49, 58) As shown in Fig. 4, the
corrugated cylinders of the minority jungle gym surface are
expected to disappear in the narrow magnetic field range 10-
13 T (just above H0=9.5T) while the other surfaces hardly
change.22) At H1, the apertures open at the X points, chang-
ing the connectivity of the FS: one can consider this trans-
formation of the FS as the electron voids formation. At H2
the FS topology changes again thinning cylinders at this field
break to ellipsoids centered at the Y points of the Brillouin
zone. Finally, at H3 the electronic ellipsoids disappear at all.
The above numerical findings indicate on the sequence and
the character of Lifshitz transitions occurring in YbRh2Si2,
viz. the formation of electron void followed by the neck dis-
ruption and all these transformations are ended by the elec-
tron ellipsoid collapse. Here it is worth to mention that the
Eq. (2) for relaxation time corresponds to the case of above
considered void formation, i.e. it is applicable to the first and
the third transitions of the considered sequence. Yet, as it was
demonstrated in Refs.,2, 48) the relaxation times for both types
of topological changes of the FS in three dimensional case are
very similar. Namely, there is a simple symmetry transforma-
tion Zsp → −Zhp;ωsp → −ωhp κsp → −κhp (”hp” and “sp”
are the labels corresponding to the neck disruption and void
fromation transition respectively.2) The characteristic distance
Fig. 5. (Color online) The scenario of the multiple Lifshitz transitions evo-
lution: at H1 the pockets Z1 appears, at H2 a neck breaking occurs in the
pocket Z2, finally at H3 the pocket Z3 disappears.
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between two consequent LTs coming from the calculation in
the cascade is of the order of 0.5 T, which is close to the dis-
tance between peaks in the Seebeck signal, see Fig. 2. Note
that due to the large g-factor the scale of 0.5 T corresponds to
the energy ∼ 10 K.
3.3 Toy model of the FS and Seebeck coefficient for
YbRh2Si2
In order to adjust the above considerations on the multi-
ple Lifshitz transitions to the RB calculations in the specific
case of YbRh2Si2 we assume the existence of four sheets of
the FS in the Brillouin zone. Starting with a mainland part
Z0 which practically remains unchanged in the studied range
of magnetic fields (11-13 T), we need three apparitions (dis-
parition) of pockets/neck to model the evolution of the corru-
gated cylinders of the minority spin FS, see Fig. 5. Below the
field H1 the FS consists of the mainland, the relatively large
pocket Z3 and the sheet of FS close to neck disruption Lifshitz
transition Z2. The small pocket Z1 appears when the mag-
netic field reaches H1, corresponding to ǫc1(H1) = µ. In others
words this topological transition occurs when the energy size
of the small pocket Z1(H) = µ − ǫc1(H) = ǫc1(H1) − ǫc1(H)
becomes positive ( ǫc1(H) is a decreasing function). The ap-
parition of this new pocket Z1 is equivalent to the opening of
apertures in the cylinders of the minority spin band, see Fig.
4. With further increase of the magnetic field, a neck break-
ing of the sheet Z2 occurs at H2. This transition models the
evolution of the FS from the cylinders to the small ellipsoids
(Z2(H) = ǫc2(H) − µ = ǫc2(H) − ǫc2(H2) where ǫc2(H) is a
decreasing function). Similarly, the collapse of the last pocket
Z3 at H3 (with Z3(H) = µ−ǫc3(H) = ǫc3(H3)−ǫc3(H), ǫc3(H) is
a increasing function) symbolizes the complete disappearance
of the ellipsoids of minority spin band, see Fig. 4. The nomen-
clature of the toy model is summarised in the Table I, where
the different energy parameter Zi(H) are defined with their de-
pendence in field and the associated range of fields where they
are valid. The thermoelectric coefficient β which determines
the part of electric current related to the temperature gradient
applied to the system ( j
(h)
e = −β∇T ) can be expressed in terms
of the imaginary part of the one-electron Green function. In
the case of multi-sheet FS it takes the form:2)
β = − e
2πT 2
∫
ωdω
cosh2 (~ω/2kBT )
N∑
l=0
∫
v2l
d3p
(2π)3
Im2GRll (5)
with GR
ll
as the retarded Green function of quasiparticle at
the l’s sheet of FS, with corresponding scattering time (2),
and vl as velocity. Finally, the Seebeck coefficient S can
be obtained from the thermoelectric one using the relation:
S = −β/σ, where σ is the diagonal electrical conductivity
of the sample. The latter, as one can see from the Fig. 1,
does not undergo considerable changes in the vicinity of
Lifshitz transition (see2, 23)) and we assume it as constant:
S xx(H) =
kB
e
∫ ∞
−∞
xdx
cosh2 x
[
2σ˜0
√
Z0
κ0(−Z0) + κ0(−2xT − Z1) − κ0(2xT + Z2) + κ0(−2xT − Z3)
+
2σ˜2
√|Z2|
κ2(Z2) + κ2(−2xT − Z1)
+
2σ˜3
√
Z3θ(Z3)
κ3(−Z3) − κ3(2xT + Z2) + κ3(−2xT − Z1)
]
. (6)
Here σ˜l is the relative contribution of the l-th sheet to the
total conductivity, θ(x) is the Heaviside step-function, kB is the
Boltzmann constant, and e is the absolute value of the electron
charge.
Three terms in Eq. (6) correspond to the inverse relaxation
times of the quasiparticles traveling in the processes of elas-
tic scatterings between the different sheets of FS. The first
term accounts for the carriers scatterings from the “main-
land” Z0 to itself and to the “pockets” Z1, Z2, Z3. The sec-
ond term in Eq. (6) corresponds to both, the intra-pocket and
inter-pocket scattering processes which transfer the carriers
from the pocket with the conic singularity Z2 to the spheri-
cal pocket Z1. Note, that the functions κi(2xT + Z2), corre-
sponding to the scattering processes involving the neck, en-
ter with the negative sign (see above). Finally, the third term
in Eq. (6), besides the intra-pocket scatterings of carriers de-
scribes the inter-pocket ones from the electron pocket Z3 to
Z1, Z2. The remaining intra-pocket scattering processes in-
volving Z1 are neglected in comparison to the other terms in
view of the smallness of the corresponding density of states.
Let us note that the inter-pocket scattering processes involv-
ing the pocket Z1 and other pieces of the FS are already ac-
counted for in Eq. (6) by the first three terms. Eq. (6) for-
mally determines the dependence of the Seebeck coefficient
on magnetic field in the case of cascade Lifshitz transitions
under consideration. Unfortunately, we do not have analyt-
ical expressions for the branches of the multi-valued func-
tion of energy ǫci(H). This is why, in purpose to demonstrate
how Eq. (6) works, we use the toy model dependence of Zi:
Z0 = const, Z1 = (Z10 − z), Z2 = (Z20 + z), Z3 = (Z30 + z),
and study S (z) as the function of a single control parame-
ter z. In view of relatively narrow interval of magnetic fields
one can believe that z ∝ H. and µ ≫ |Z1|, |Z2|, |Z3|, Z10 > 0,
Z30 < Z20 < 0 are the constants. In Fig. 6(a), the observed See-
beck signal at 110 mK and the corresponding theoretical pre-
diction based on Eq. (6) are represented. One can see that the
very complicated structure of experimentally observed max-
ima and minima is reasonably reproduced even in the frame-
work of the chosen simple toy model of the spectrum.The
only exception is the peak close to the field H∗= 11.4 T. No
topological changes of the FS was found by ab initio calculus
here and, correspondingly, this explicitly observable singular-
ity in Seebeck coefficient is not reflected by our toy model. In
5
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FS sheet Dependence on H Range of fields, Type of “Toy” depen-
where FS sheet exists singularity dence on z ∝ H
Mainland Z0 const Any field Nonsingular Z0 = const
periphery of FS
“small” pocket Z1 Z1(H) = µ(H1) − ǫc1(H) H > H1 Void Z1 = Z10 − z
= ǫc1(H1) − ǫc1(H) (apparition at H1)
Neck Z2 Z2(H) = µ(H2) − ǫc2(H2) Any field FS sheet Neck Z2 = Z20 + z
= ǫc2(H) − ǫc2(H2) changes its connectivity at H2 (disruption at H2)
“large” pocket Z3 Z3(H) = µ(H3) − ǫc3(H) H < H3 Void Z3 = Z30 + z
=ǫc3(H3) − ǫc3(H) (disparition at H3)
Table I. The nomenclature of the toy model describing the multiple Lifshitz transitions evolution.
Fig. 6b) the partial contributions to the Seebeck coefficient
determined by the scattering of quasiparticles between the
different sheets of the FS are represented. One can see that
the above mentioned minimum is due to the scattering of the
quasiparticles from the neck domain Z2 to that one where the
electron pocket Z1 should occur when the magnetic field will
reach the value H1. This is the consequence of the well known
in quantum mechanics scattering from the virtual level. The
abrupt fall of the contribution corresponding to the pocket Z3
is the artifact caused by the simplified Theta-function model-
ing, which excludes the scattering at the virtual level.
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Fig. 6. (Color online) (a) Magnetic field dependence of the Seebeck coeffi-
cient through a cascade of Lifshitz transitions obtained at 110 mK compared
with the theoretical prediction based on multi-sheet FS scattering processes.
(b) Theoretical modeling of the contributions corresponding to quasiparticle
scatterings from the different sheets of the FS to the Seebeck coefficient with
σ˜0 = 0.4, σ˜2 = 0.01, and σ˜3 = 0.59 in Eq. (6).
4. Conclusions
We demonstrated that the Seebeck coefficient is very sen-
sitive to topological changes of the FS in YbRh2Si2. Using
renormalization perturbation theory, the effect of magnetic
field on the topology of the FS is precisely described, in par-
ticular the complex changes occurring in the minority spin
FS from corrugated cylinders to ellipsoids. Using a simple
model of continuously appearing (disappearing) pockets of
the FS, the four main anomalies of the Seebeck coefficient
can be well described. We have demonstrated that measure-
ments of the Seebeck coefficient may provide very detailed
information on the electronic structure in the vicinity of criti-
cal points and that they may allow for transport spectroscopy
when only part of the FS becomes critical. Let us underline
the difference between the developed above consideration of
the cascade Lifshitz transition in their complexity of scat-
tering processes (see Eq. (6)) from the theoretical treatment
of the experimental findings in the ferromagnetic Kondo lat-
tice material YbNi4P2.
27) In the latter work the behaviour of
the Seebeck coefficient as a function of magnetic field is de-
scribed in terms of the set of isolated independent Lifshitz
transitions.2, 3) Each peak is interpreted as a neck disruption
or void creation for electron or hole-like carriers. This simple
approach assumes the quasiparticle exchange between some
fictitious, changing for each transition, mainland Z˜0 and new-
born at the appropriate magnetic field element of the FS Z˜i. In
accordance to the standard theory of Lifshitz transitions the
Seebeck coefficient close to the anomaly is described by the
expression:
S xx(H)=
kB
e
∫ ∞
−∞
xdx
cosh2 x
2σ˜0
√
Z˜0
κ0(−Z˜0) ± κ0(∓2xT ∓ Z˜i)
. (7)
Accordingly, each anomaly treated in this way possesses the
characteristic asymmetric shape and its overall sign reflects
electron/hole type of carriers. Namely such situation corre-
sponds to the experimental findings of the Ref.27) . It is easy
to see, that Eq. (7) follows from the first term of our gen-
eral Eq. (6) considered in the vicinity of each separate transi-
tion. Let us underline, that the superposition of the individual
singularities occurring due to the different terms of the Eq.
(6) can distort the characteristic feature of the Lifshitz transi-
tion, the asymmetry of the Seebeck signal anomaly, as it takes
place with the negative spike close to the field H1 (see Fig. 6).
The theoretical analysis of Ref. 27 is valid for standing apart
peaks, viz. when the width of the peak is much smaller than
the distance between them. When the peaks are close to each
other our multiple scattering approach accounting for the su-
perposition phenomena between the new pockets occurring
in the narrow energy range seems to be more relevant. Com-
paring the experimental situations in YbRh2Si2 and that one
of Ref.27) one can see that the minimal distance between the
anomalies in the latter is 0.75 T (for the most of the peaks
it is a few Tesla), while all anomalies in our experiments are
separated by the value of 0.6 T.
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